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The effect of local structures on structural evolution during the crystallization of undercooled ZrCu
metallic glass-forming liquid was studied via molecular dynamics simulations. It is found that body-
centered-cubic (bcc)-like clusters play a key role in structural evolution during crystallization. In
contrast to previous speculations, the number of bcc-like crystal nuclei does not change much before
the onset of crystallization. Instead, the development of a bcc-like critical nucleus during annealing
leads to a strong spatial correlation with other nuclei in its surroundings, forming a crystalline struc-
ture template. It is also found that the size distribution of bcc-like nuclei follows a power-law form
with an exponential cutoff in the early stage of annealing, but changes to a pure power-law behavior
just before the onset of crystallization. This implies that the crystalline structure template has fractal
feature and the undercooled liquids evolve to a self-organized critical state before the onset of crys-
tallization, which might trigger the subsequent rapid crystallization. According to the graph theory
analysis, it is also found that the observed large scatter of the onset time of crystallization in different
liquid samples results from the connectivity of the bcc-like clusters. © 2013 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4792067]

I. INTRODUCTION

Crystallization is a ubiquitous and fundamental nonequi-
librium phenomenon in materials science.1 Understanding the
mechanism of crystallization of liquids in atomic level has
been a great challenge. This becomes much more critical
for the development of bulk metallic glasses (BMGs), be-
cause intervening crystallization of the liquids in even the
most robust BMG-formers is orders of magnitude faster than
in many common polymers and silicate glass-forming liq-
uids, thereby significantly influences the glass-forming abil-
ity (GFA) and mechanical properties of metallic alloys.2, 3

Figure 1 illustrates the characteristic of the time scale for
crystallization and the transformation kinetics from liquid to
solid states as a function of temperature, the so-called time-
temperature-transformation (TTT) diagram. The shaded un-
dercooled liquid region in Fig. 1 has been considered as a
crucial stage for intervening crystallization. So far, some ex-
perimental techniques have been developed to suppress the
rapid crystallization.4–7 However, the crystallization rates of
these glass-forming metallic liquids are still quite high. Thus,
crystallization significantly limits experimental studies of the
undercooled metallic glass-forming liquids for a complete
understanding of the crystallization mechanism in atomic
level.3, 8–10

On the other hand, some thermodynamical models have
been developed for interpreting experimental observations

a)maozhili@ruc.edu.cn.
b)kliu@pku.edu.cn.

and understanding the nucleation and growth of crystals in un-
dercooled metallic glass-forming liquids.8–17 However, these
models cannot provide either the direct information of crystal-
lization in atomic level, or the detailed structural evolution in
crystallization process. In contrast, molecular dynamics (MD)
simulation can provide a deep insight into the atomic mech-
anism of crystallization of metallic glass-forming liquids. So
far, however, little effort has been devoted to it.16, 17 Therefore,
it is critical to explore the structural origin of crystallization
in undercooled metallic liquids for getting deep insight into
the nature of glass formation and developing metallic alloys
with excellent GFA.

In this work, we performed classical MD simulations
with the LAMMPS package18 for ZrCu glass-forming alloy
and investigated the relationship between local atomic struc-
ture and crystallization in undercooled liquid region. The lo-
cal atomic structures were identified and characterized by
Voronoi tessellation, and their time evolution in crystalliza-
tion process was also analyzed. It is found that the emer-
gence and growth of the critical nucleus formed by the body-
centered-cubic (bcc)-like clusters play a key role in the rapid
crystallization in undercooled liquid region. The critical nu-
cleus triggers a strong spatial correlation with other crystal
nuclei in its surroundings just before the onset of crystalliza-
tion, which may provide a crystal structure template for the
subsequent rapid crystallization. Our further analysis shows
that the size distribution of bcc-like nuclei follows a power-
law form with exponential cutoff initially, but transforms to a
pure power-law behavior, which indicates that there is a sig-
nificant “chance” for the emergence of a very large bcc-like
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FIG. 1. Schematic of typical time-temperature-transformation diagram for
the crystallization of metallic glass-forming alloys. Red curve indicates the
onset of crystallization. Tm and Tg denote melting and glass transition tem-
peratures, respectively, presented by dashed curves.

nucleus at some time, which triggers the rapid crystallization.
In addition, the statistical nature of the critical nucleus for-
mation is found to be closely related to the connectivity of
bcc-like clusters in a system.

This paper is organized as follows: in Sec. II, we present
our model and method; in Sec. III, results and discussion are
given. Finally, a conclusion is presented in Sec. IV.

II. MODEL AND METHOD

In our MD simulation, the model system of Zr85Cu15

metallic alloy was adopted with a realistic embedded-atom
method potential.19 The structure contains 10 000 atoms in a
cubic box with periodic boundary conditions. In the process
of sample preparation, it was first melted and equilibrated at
T = 2000 K, then cooled down to 300 K with a cooling rate
of 1013 K/s, during which the cell size was adjusted to give
zero pressure in NPT ensemble. The sample was then relaxed
for 1 000 000 MD steps at T = 300 K. The MD step is 2 fs.
The pair correlation functions (not shown) demonstrate that
the simulated sample is in a glassy state.

We first checked the reliability and suitability of the sim-
ulated sample by isothermally annealing it and monitoring the
evolution of the potential energy at different temperatures of
900, 950, 1000, 1050, 1100, 1150, and 1200 K, respectively.
Figure 2 shows the time dependence of potential energy of
the sample at different annealing temperatures. It is clearly
seen that the potential energy decreases with annealing time
at each temperature, but the behavior is quite different. At
high temperatures such as 1200 K and 1150 K, the poten-
tial energy drops abruptly at a certain time. At low temper-
atures such as 950 K and 900 K, however, the potential en-
ergy drops in a more gradual way. The potential energy drop
is the signature of crystallization in the sample, and the dif-
ferent drop behaviors indicate different crystallization rates at
different temperatures. The dramatic drop of potential energy
in high temperature region also demonstrates that the drasti-
cally high crystallization rate indeed limits the experimental
studies. On the other hand, the onset time of potential energy
drops at different temperatures, as shown in Fig. 2, exhibits

FIG. 2. Time dependence of potential energy of a sample annealed at 900,
950, 1000, 1050, 1100, 1150, and 1200 K (the order is given by the arrow),
respectively. The red curve shows the relation between the onset time of po-
tential energy drop and temperature, which exhibits a typical TTT-diagram
similar to that in Fig. 1.

a typical TTT-diagram similar to that in Fig. 1 and exper-
imental measurements.2, 5, 8 The above results show that the
structural model obtained from MD simulations is reliable
and suitable for investigating crystallization in undercooled
metallic glass-forming liquids. We also checked the size ef-
fect on the crystallization behavior. It is found the system size
employed in MD simulations is big enough, so that the size
effect is negligible.20

III. RESULT AND DISCUSSION

Now we focus on the effect of atomic structures on crys-
tallization in the shaded undercooled liquid region shown in
Fig. 1. For the case of Zr85Cu15 metallic alloy, T = 1150 K
was chosen for sample annealing. In our studies, five inde-
pendent samples (denoted as s0, s1, s2, s3, and s4) were pre-
pared and annealed at 1150 K. Figure 3 shows the evolution
of potential energy with annealing time in the five indepen-
dent samples at 1150 K. It is clearly shown that all samples

FIG. 3. Time dependence of the potential energies in the five independent
samples annealed at 1150 K. The time when potential energy drops is con-
sidered as the onset of crystallization.
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exhibit rapid crystallization behavior. However, the onset time
of crystallization of each sample is quite different. The ob-
servation is in good agreement with previous studies.9, 10 The
large scatter of the onset of crystallization implies that the
crystallization process may rely significantly on the local
atomic structures in samples.

A. BCC-like crystal nuclei

To understand the relationship between the local atomic
structures and crystalline nucleation and growth process, we
analyzed the detailed structure features for the samples of s0,
s1, and s2. The Voronoi tessellation method was employed
to characterize the local atomic structures in terms of the
Voronoi index 〈n3, n4, n5, n6〉, where ni represents the num-
ber of i-edged (i = 3, 4, 5, 6) faces composing a Voronoi
polyhedron,21–24 so that it may also characterize the atomic
symmetry properties for local structures.25 According to the
Voronoi analysis, 〈0,0,12,0〉 represents icosahedral clusters
with five-fold symmetry. 〈0,3,6,4〉, 〈0,3,6,5〉, 〈0,4,4,6〉, and
〈0,4,4,7〉 are considered to be face-centered-cubic (fcc)-like
clusters, and 〈0,6,0,8〉 are bcc-like clusters.25 During crystal-
lization, the local atomic structures will evolve to fcc- or bcc-
crystal-like local configurations. Figure 4(a) shows the evolu-
tion of the fraction of fcc- and bcc-like local clusters during
annealing. Initially, fcc-like clusters have been already popu-
lated in the samples, because of the population of 〈0,3,6,4〉 in
both liquid and glassy states.23, 25 In contrast, the fraction of
bcc-like clusters is very small. As the samples are undergoing
crystallization, the fraction of both fcc- and bcc-like clusters
increases. However, the fraction of bcc-like clusters increases
much more dramatically than that of fcc-like ones. The frac-
tion of bcc-like clusters increases more than 40% during the

FIG. 4. (a) The change in fraction of fcc- (open symbols) and bcc-like (solid
symbols) atoms with annealing time. (b) Number of bcc-like crystal nuclei
(solid curves) and number of atoms in the largest nucleus (scattered curves)
as a function of annealing time.

onset of crystallization. After that, it keeps increasing grad-
ually. For fcc-like clusters, the population increases a little,
then decreases gradually, and reaches the initial population
values. Thus, the dramatic change of the population of the
bcc-like clusters during the onset of crystallization indicates
that the bcc-like local atomic structures play a crucial role in
the crystallization process in this system.

How do the bcc-like atomic structures influence the crys-
tallization behavior shown in Fig. 3? Next, we will character-
ize the nuclei formed by the bcc-like clusters in the samples
and analyze the nuclei number and size evolution in the crys-
tallization process. To characterize the nuclei formed by bcc-
like clusters, we analyzed the connection of the bcc-like clus-
ters based on the graph theory.26, 27 In this scheme, once two
bcc-like clusters share at least one common nearest neighbor
atom, these two bcc-like clusters are considered to be con-
nected. After checking the connection of all bcc-like clusters,
some bcc-like clusters are connected and form a so-called
crystal nucleus. Thus, we can identify all the bcc-like crys-
tal nuclei in the samples, and monitor the number and size
evolution of these crystal nuclei in the crystallization process.
Figure 4(b) shows the evolution of the number of crystal nu-
clei and the number of atoms in the largest one in the samples
of s0, s1, and s2, respectively. It is clear that the number of
crystal nuclei is almost the same in these samples and keeps
almost constant during annealing. After the onset of crys-
tallization, the number of nuclei decreases quickly. For the
largest crystal nucleus, its size is fluctuating before the onset
of crystallization. At the onset time of crystallization, the size
of the largest nucleus increases drastically, from less than 100
atoms to more than 8000 atoms in a very narrow time win-
dow as shown in Fig. 4(b). Meanwhile, a little lag behind fast
growth of the largest nucleus, other nuclei are disappearing.
This means that as the largest nucleus is growing, the whole
system is crystallized rapidly. Therefore, the crystallization in
undercooled liquid region is essentially affected by the largest
crystal nucleus, but not the number of nuclei. Once the largest
nucleus reaches the critical size, its dramatic growth leads to
the rapid crystallization. The critical nucleus was estimated
to contain about 30∼100 atoms, which is similar to the crys-
tal nucleation of colloidal systems.28, 29 The growth rate of
the largest crystal nucleus is estimated to be about 25 000
∼ 30 000 atoms/ns.

Previous studies have indicated that the rapid crystalliza-
tion in undercooled liquid region requires either a fast growth
mechanism or a sudden dramatic increase in the nucleation
rate.10 The latter scenario has been used to explain the exper-
imental data, and a good agreement has been obtained, which
suggests that the multiple nucleation mechanism may be re-
sponsible for the rapid crystallization in shallow undercooled
liquid region.10 However, the multiple nucleation or a sudden
dramatic increase in the nucleation rate was not observed in
our simulation of crystallization. As shown in Fig. 4(b), the
number of the bcc-like crystal nuclei is almost not changing
before the onset of crystallization. Our results indicate that in
undercooled liquid region the nuclei form following the clas-
sical steady state nucleation mechanism.9–11 Therefore, the
rapid crystallization is not triggered by a sudden dramatic in-
crease of nucleation rate, but the fast growth of the largest
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FIG. 5. The pair correlation functions of bcc-like atoms in three samples
at different time t before onset of crystallization. The PCFs were obtained
by averaging over 40 structure configurations of t ± 0.004 ns. The inset in
(a) shows the structure configurations of the largest bcc-like crystal nucleus
(circled) and the nuclei in its surroundings at t = 5.5 ns in s0. The inset in
(b) shows the total PCFs at different time t in sample s1. The total PCFs in
sample s0 and s2 (not shown) are similar to that in s1.

bcc-like crystal nucleus. As shown in Fig. 4(b), as the size of
the largest nucleus exceeds the critical size, the rapid crystal-
lization occurs.

B. Spatial correlation of BCC-like clusters

To get deeper insight into the rapid crystallization facil-
itated by the fast growth of the critical nucleus, we analyzed
the pair correlation function (PCF) for the bcc-like clusters
at different annealing times in three samples as shown in
Fig. 5. It is found that the PCF of bcc-like clusters in the
nearest-neighbor distance exhibits significant fluctuation be-
fore the onset of crystallization in all three samples. However,
as the largest bcc-like crystal nucleus reaches the critical size,
a strong spatial correlation of the bcc-like clusters is emerg-
ing. The spatial correlation extends even beyond 10 Å, in the
so-called medium range. The emergence of the strong spa-
tial correlation does not result from the increase of bcc-like
clusters, because the fraction of bcc-like clusters is almost
unchanging before the onset of crystallization as shown in
Fig. 4(a). We also calculated the PCFs of the whole system
at different times for each sample. However, it does not ex-
hibit strong spatial correlation as shown in inset of Fig. 5(b).
Therefore, the strong spatial correlation of bcc-like clusters
may be closely correlated to the rapid crystallization.

Next, we examined the spatial configuration of the
largest crystal nucleus and other nuclei in its surroundings at

t = 5.5 ns (before the onset time of crystallization) in sample
s0 as shown in the inset in Fig. 5(a). Several crystal nuclei
were observed to surround the largest nucleus (circled) with
almost the same orientation. This was not observed at other
times. The largest nucleus together with others in its surround-
ings might form a crystal structure template in a medium
range. As a critical bcc-like crystal nucleus is forming, it may
trigger the development of some other nuclei in its surround-
ings, as demonstrated in the inset in Fig. 5(a). The strong spa-
tial correlation of bcc-like clusters results in the formation of
a structure template, which may be more favorable for the for-
mation of long-range translational order and leads to the sub-
sequent rapid crystallization. The formation of such a struc-
ture template might be facilitated by the high mobile atoms
in high-temperature samples. As the bcc-like critical nucleus
is developing, the mobile atoms in the surrounding may facil-
itate its structural information even up to the medium range,
leading to the strong spatial ordering and the formation of the
medium-range crystal structure template. In the low temper-
ature region, however, atoms are much less mobile and the
atomic rearrangement is quite slow, so that such a spatial cor-
relation of bcc-like clusters cannot be formed as quickly as
that in high temperature region. Therefore, although a high
nuclei density was observed in experiments in low tempera-
ture region,8 the crystallization process is much more slowly
as shown in Fig. 2.

C. Size distribution of BCC-like nuclei

It is interesting to investigate the size distribution of the
bcc-like crystal nuclei in the process of crystallization, which
may provide more structural information for better under-
standing the crystallization mechanism. Based on the graph
theory analysis, Fig. 6 shows the size distribution of bcc-like
nuclei at different annealing times (t = 0.06, 0.50, 1.00, and

FIG. 6. The size distributions of the bcc-like nuclei in sample s0 at different
annealing time t. The data were obtained by averaging over 40 structure con-
figurations of t ± 0.004 ns. Note that the size of a nucleus is defined as the
number of cental atoms of bcc-like Voronoi polyhedra 〈0,6,0,8〉. The solid
curves were obtained by fitting the data to Eq. (1). The parameters τ and ξ

are also presented in this figure.
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5.50 ns) for sample s0. The size distribution roughly follows a
power-law behavior. However, our data fitting shows that the
simulated data do not follow a power-law form perfectly. To
get deeper insight into the behavior of the size distribution, we
fitted the data by using a power-law form with an exponential
cutoff,26

P(s) ∼ s−τ e−s/ξ , (1)

where the fitting parameters τ and ξ represent power-law
exponent and cutoff size, respectively. The solid curves in
Fig. 6 are obtained by fitting the simulation data to Eq. (1).
The value of R2 is better than 0.999, indicating that an excel-
lent fitting was obtained.

In Eq. (1), ξ represents a characteristic size of clusters.
Here, a finite value of ξ indicates that there exists a character-
istic size of bcc-like nuclei in a system. As shown in Fig. 6,
ξ varies considerably with annealing time. It becomes larger
and larger in the process of annealing. Just before the on-
set of rapid crystallization, the value of ξ increases dramat-
ically to ∼1016. The drastic increase of ξ suggests the lack
of a typical length scale of the bcc-like nuclei, which is the
characteristic of self-organized critical behavior.30–32 On the
other hand, as ξ is getting infinite, the exponential term in
Eq. (1) becomes trivial and the size distribution of nuclei fol-
lows an “exact” power-law behavior, which is the character-
istic of self-organized fractal structure. In addition, the large
scatter of the onset time of crystallization observed in both ex-
periments and simulations5, 10 may also imply that there is no
a typical time scale for the onset of crystallization. All these
indicate that the dynamics of supercooled liquids will eventu-
ally evolve to a self-organized critical state spatiotemporally.
The power-law size distribution of nuclei at the time just be-
fore the onset of crystallization also indicates that there is a
considerable “chance” for the emergence of a very large bcc-
like crystal nucleus at some time in a sample. Once this event
takes place, rapid crystallization occurs.

The variation of the value τ is also noteworthy. It char-
acterizes the structure geometry information of a system
and is closely correlated to the dimensionality. As shown in
Fig. 6, it increases from τ ≈ 1.27(< 2) to τ ≈ 2.67(> 2). Pre-
vious studies show that τ = 2 is a diving line between two
fundamentally different behaviors of the complex system.26

As τ < 2, the average properties of the system are dominated
by the few bcc-like nuclei with large sizes, whereas systems
with τ > 2 are dominated by those with small sizes. Thus,
this will strongly influence the dynamic process of the sys-
tem. In our simulated samples, τ becomes bigger than 2 as
the systems evolve to a self-organized critical state, and ev-
ery nucleus plays an important role in the dynamical pro-
cess of crystallization. The self-organized critical feature fi-
nally triggers a rapid phase transition process. On the other
hand, τ also characterizes some structure geometry informa-
tion of a system. In this sense, it may be closely correlated to
the dimensionality of the system. Here, we analyzed the di-
mensionality of sample s0 by using the correlation function
h(r) ∼ r−(D−Df ) exp(r/rc) proposed in Refs. 33 and 34 and
fitting the peaks of the function g(r) − 1 (g(r) is the PCF of s0

FIG. 7. Probability distribution of degree of bcc-like clusters in three sam-
ples. The inset table shows the average value of connectivity c and degree 〈k〉
of bcc-like clusters and the onset time of crystallization.

shown in Fig. 5(a) at t = 5.50 ns, 5 Å < r < 25 Å). Finally,
an excellent fitting was obtained with the fractal dimension
Df = 2.74, which is very close to the the value of τ = 2.67.

D. Connectivity of BCC-like clusters

To understand the observed large scatter of the onset time
of crystallization, we analyzed the connectivity of the bcc-like
clusters in three samples in terms of graph theory. According
to the graph theory, a bcc-like cluster can be considered as a
node, so that the degree of a cluster node k can be defined as
the number of adjacent bcc-like clusters by sharing the nearest
neighbor atoms. Figure 7 shows the probability distribution
function P(k) of degree of bcc-like clusters. It can be seen
that the distribution in s2 extends to bigger k than those in
s0 and s1, which indicates that the bcc-like clusters are con-
nected more tightly in s2. We also investigated the connectiv-
ity of bcc-like clusters in a sample defined as c = ∑

i wi/n,
where wi is the number of shared atoms by the bcc-like clus-
ters in the ith crystal nucleus, and n is the total number of
bcc-like clusters in the sample. It is found that the calculated
connectivity exhibits large fluctuation during annealing in all
samples. This is because of the effect of relatively high tem-
peratures. If one examines the average value of c over the time
before the onset of crystallization, they (as well as 〈k〉) show a
clear correlation with the onset time of crystallization in three
samples, as shown in the table in Fig. 7. The larger the value
of c or 〈k〉, the more tightly and compact the bcc-like clusters
are connected with each other, and the shorter time it takes for
the sample to be crystallized rapidly. Therefore, the connec-
tivity of bcc-like clusters in samples may be responsible for
the observed large scatter of the onset time of crystallization
in undercooled liquid region as shown in Fig. 2(b). The dif-
ference of connectivity in different samples might result from
the difference in the statistical distribution of local structures
in high temperature liquids of metallic alloys. As high tem-
perature liquid samples are quenching independently, glassy
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samples with quite different local structures are obtained,
where the connectivity of a type of local structures is
different.

IV. CONCLUSION

In summary, in undercooled liquids of Zr85Cu15 metallic
glass-forming alloy, bcc-like crystal nuclei are formed dur-
ing crystallization and responsible for the crystallization. The
systematic analysis for the evolution of the bcc-like crys-
tal nuclei reveals that as the stable critical crystal nucleus is
forming, a strong spatial correlation is developing among the
bcc-like crystal nuclei, which facilitate the subsequent rapid
crystallization. A self-organized fractal feature of the crys-
tal template has been revealed, and the rapid crystallization
can be understood as the critical transition phenomenon. We
show that the connectivity of bcc-like clusters in samples ana-
lyzed in terms of graph theory may be the structural origin of
the observed large scatter of the onset of crystallization. Our
findings may provide new perspectives on the structural ori-
gin and atomistic mechanism of the nucleation and growth of
crystals in metallic glass-forming alloys as well as the nature
of glass transition.
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