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Correlation between onset of yielding and free volume
in metallic glasses
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Based on the free volume model, a critical value of reduced free volume is proposed to be the sufficient condition for the onset of
yielding in metallic glasses. The corresponding stress for the onset of yielding is found to be less than the macroscopically measured
yield strength, which is consistent with experimental observations. The difference in deformability between brittle and plastic metal-
lic glasses can be explained in terms of the free volume evolution in the localized shear zone.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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In the field of metallic glass (MG) science, major
attention has been focused on the understanding of plas-
tic deformation, because plasticity is highly desired to
meet engineering needs [1–9]. Recently, the development
of malleable MGs made easy the investigation of the
process and mechanism of the plastic deformation of
MGs [6,7]. A malleable MG, when compressed or rolled,
can be considered as an elastic–plastic material which
can flow plastically under macroscopic yield stress ry

due to the absence of strain hardening [5]. Yielding,
therefore, is regarded as a transition point between the
elastic strain and the plastic strain in MGs. Interestingly,
there have been sporadic reports that the onset of yield-
ing in MGs actually takes place below the experimen-
tally macroscopic yield strength [7]. For example, Park
et al. [4,8] conducted creep experiments on MG at room
temperature and showed that deformation could proceed
at 0.9ry, without apparent formation of shear bands.
Chen et al. [7] also demonstrated that yielding can take
place in MGs at a stress level as low as 0.8ry. However,
the nature of yielding in MGs received little attention.

For crystalline materials, the macroscopic yielding
had been extensively studied and several well-known
yield criteria were developed [5]. The onset of yielding
marks the motion of dislocations at the atomic scale.
When a shear stress s is applied to a material, two
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internal stresses will respond: long-range internal stress
sG, which is mainly determined by the shear modulus
G, and short-range internal stress sp, which mainly comes
from the Peierls stress, localized in less than 10 atom
diameters scale [5]. In the case of MGs, since there is
no long-range ordered microstructure, the long-range
internal stress is absent and only the short-range stress
operates. Two models, free volume [10] and shear trans-
formation zone (STZ) [11], were proposed to explain the
plastic flow of MGs. The STZ theory suggests that a flow
event is initiated from rearrangements of atoms in local
regions which contain tens or hundreds of atoms
[12,13]. However, a full description of cooperative
motion of hundreds of atoms is mathematically too dif-
ficult to obtain. In contrast, free volume theory deals
with only several atoms around an open site which is
much easier to treat mathematically [10]. However, ear-
lier studies of the deformation of MGs based on the free
volume model were primarily on the plastic flow. Limited
work has been carried out in the elastic region and the
onset of yielding of MGs [4]. In this work, we reexamine
the concept of elastic strain and the onset of yielding of
the MGs, and a critical value of free volume is proposed
to be a sufficient condition for the yielding in MGs.

In the free volume model, the net rate of increase of
the average free volume per atom, vf, is the difference be-
tween the increase rate of vf caused by shear-induced
dilatation and the decreasing rate of vf caused by diffu-
sion-induced annihilation [10]:
sevier Ltd. All rights reserved.
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where the reduced free volume (RFV) x ¼ vf

av� is intro-
duced, because the absolute value of vf is hard to obtain
[12]. f is the frequency of atomic vibration (�Debye fre-
quency), a is a geometric factor between 0.5 and 1, v* is
the critical (hard-sphere) volume of an atom, k is the
Boltzmann constant, T is the temperature, X is the
atomic volume (�1.25v*), DGm is the activation energy
of atomic motion, and S ¼ 2

3
G 1þl

1�l, where l is Poisson’s
ratio, nD is the number of diffusive jumps to annihilate
a free volume equal to v*, which is between 1 and 10.

To understand the evolution of free volume and the
yielding of MGs, numerical calculations were carried
out using Eq. (1). It is pointed out that the stress loading
rate is 2.6G � 10�4 s�1 before the applied stress s
reaches yield shear stress sy (�ry/2). After that, the ap-
plied stress keeps a constant value, sy. However, the acti-
vation energy DGm and the initial value of RFV x0 need
to be determined first. DGm is roughly estimated to be (i)
nhf (n = 1,2 . . ., and h is Planck’s constant) when the
atom is dealt with as a three-dimensional isotropic oscil-
lator and (ii) (8/p2)GcC

2fXs (cc � 0.026, f � 3, Xs � 2v*

here) proposed by Johnson [12]. The glassy alloy
Zr46.7Ti8.3Cu7.5Ni10Be27.5 (Vit4), for example, has a den-
sity change of �1% after annealing [14]. If the increment
of density is entirely ascribed to the annihilation of free
volume, the x0 for Vit4 would be on the order of �1% (a
taken to be 1). Figure 1 presents the numerical results
using the parameters listed in Table 1. Here, we adopt
x0 to be 2.2% for two reasons: (1) a smaller x0, for exam-
ple, 1.0% or 1.5%, needs a geological timescale for the
evolution of FRV to produce a change, which is incon-
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Figure 1. The evolution of RFV in specimens under shear (otherwise
you must specify the stress value) with time, and the parameters a = 1
and nD = 3. (a) Three typical MGs, i.e., Fe, Zr, Pt, with DGm = hf. (b)
The Zr-MG with different DGms (J = (8/p2)GcC

2fXs).
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sistent with experimental observations; (2) The probabil-
ity p(x)dx of finding an atom with RFV between x and
x + dx is: pðxÞdx ¼ c1 expð�c2xÞdx [10], where c1and c2

are constant, so x0 can be taken to 2.2%, only with a
lower possibility than 1.0%. The calculated results for
Fe53Cr15Mo14Er1C15B6 (Fe-MG), Zr55Ti5Cu20Ni10Al10

(Zr-MG), and Pt57.5Cu14.7Ni5P22.8 (Pt-MG) with
DGm = hf, a = 1 and nD = 3 are shown in Figure 1a. It
can be observed that the RFV sharply increases when
it reaches a critical value of about 2.4%, which appears
to be independent of the chemical composition and
mechanical parameters of the different MGs. The evolu-
tion of RFV in the Zr-MG with a = 1, nD = 3, and
DGm = (8/p2)GcC

2fXs, hf, 2hf, respectively, is shown in
Figure 1b. Again, x increases sharply at the same critical
value xC of �2.4%, independent of the DGm. Numerical
results also show that the critical value of RFV is inde-
pendent of nD, a and x0. In summary, the critical value
of �2.4% appears to be universal for MGs.

The rapid increase in free volume over xC will drasti-
cally reduce the viscosity and the shear resistance of the
alloy [10], thus causing the yielding of the sample. This,
in fact, has been confirmed by MD simulation and elas-
tostatic compression [4]. Since a MG is expected to yield
as the RFV reaches the critical value xC, this effective
stress may not necessarily correspond to the experimen-
tally measured macroscopic yield stress (or the strength).
To estimate the effective stress, we now turn our atten-
tion to the free volume evolution.

In principle, during deformation, the free volume grad-
ually increases (i.e., _x > 0) until it reaches xC, at which
_x ¼ 0 and the shear stress s reaches a critical value sc.

This critical shear stress is determined from Eq. (1) as

sc ¼
2kT
X

cos h�1 xCS
2kT

v�

nD
þ 1

� �
ð2Þ

Substituting xC � 2.4% into Eq. (2), sc can be ob-
tained according to the parameters listed in Table 1
(nD and T taken to be 3 and 300 K, respectively). The
calculated rc (�2sc) and ry of a number of BMGs are
listed in Table 1 [15–18]. It is apparent that rc < ry ,
which is consistent with the notion that the very stress
for the onset of yielding is usually smaller than the mac-
roscopic yield strength [4,7,8]. This demonstrates that
when a stress satisfying Eq. (2) is applied, x will grow
to �2.4%, and the sample will yield, provided it is
loaded for a sufficiently long time. Figure 2 exhibits
the evolution of x in a Zr-MG under three different ap-
plied stresses of 1.6 GPa (�ry, red curve), 1.2 GPa
(�0.8ry, blue curve) and 1.0 GPa (�0.6ry, green curve).
It is clear that a smaller applied stress r requires a longer
loading time for x to reach xC.

Although the physical explanation for the existence
of the critical value of RFV is unclear, an analogy can
be made. For 0.35 wt.% carbon steel and pure lead, vol-
ume expansion at melting are �3.0% and �3.2%, which
are close to 2.4%. It is pointed out that the x cannot ex-
ceed a maximum value xm, for the alloy would transit
into liquid state or suffer a failure when x > xm. For
example, the 0.35 wt.% carbon steel would be melted if
thermal expansion was over �3%. Therefore, if
xC < x < xm, the MG would be in the supercooled liquid
, doi:10.1016/j.scriptamat.2009.12.015
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Table 1. Data of average atomic volume v*, Poisson’s ratio l, shear modulus G, Debye frequency f, and yield stress ry, and the critical stress rc of
32 MGs used in Figures 1 and 2 are from Refs. [12,15–18].

Alloy composition v* (10�29 m3) l G (GPa) f (1012Hz) ry (GPa) rc (GPa)

1. Ca65Zn16.5Mg8.5Li10 3.362 0.306 8.9 4.595 0.53 0.33
2. Ce70Al10Ni10Cu10 2.813 0.313 11.5 2.997 0.65 0.41
3. La55Al25Cu10Ni5Co5 2.639 0.342 15.6 3.773 0.85 0.50
4. Mg65Cu25Gd10 1.949 0.320 18.6 5.539 0.98 0.63
5. La55Al25Co20 2.718 0.327 15.4 3.769 0.99 0.48
6. Au55Cu25Si20 1.767 0.417 24.6 3.837 1.00 0.83
7. Pr55Al25Co20 2.502 0.324 17.4 3.927 1.01 0.53
8. Au49.5Ag5.5Pd2.3Cu26.9Si16.3 1.748 0.406 26.5 4.093 1.20 0.86
9. Pt60Ni15P25 1.413 0.420 33.8 4.274 1.40 1.09
10. Cu46Zr54 1.711 0.391 30.0 5.401 1.40 0.90
11. Pt57.5Cu14.7Ni5P22.8 1.437 0.434 33.4 4.302 1.45 1.09
12. Pd77.5Cu6Si16.5 1.452 0.409 31.8 5.040 1.50 1.03
13. Pd64Ni16P20 1.376 0.405 32.7 5.277 1.55 1.07
14. Zr57.5Nb5Cu15.5Ni12Al10 1.959 0.379 30.8 5.654 1.58 0.84
15. Cu46Zr42Al7Y5 1.698 0.364 31.0 5.630 1.60 0.89
16. Zr55Ti5Cu20Ni10Al10 1.852 0.375 31.0 5.724 1.63 0.86
17. Zr64.13Cu15.75Ni10.12Al10 1.939 0.377 28.5 5.415 1.69 0.81
18. Pd60Cu20P20 1.405 0.409 32.3 5.295 1.70 1.06
19. Pd40Cu30Ni10P20 1.319 0.399 34.5 5.725 1.72 1.12
20. Pd40Cu40P20 1.325 0.402 33.2 5.609 1.75 1.10
21. Zr46.75Ti8.25Cu7.5Ni10Be27.5 1.648 0.359 35.2 6.845 1.83 0.96
22. Zr41.2Ti13.8Ni10Cu12.5Be22.5 1.690 0.352 34.1 6.542 1.86 0.92
23. Cu57.5Hf27.5Ti15 1.555 0.356 37.3 5.428 1.94 1.01
24. Zr48Nb8Ni12Cu14Be8 1.705 0.367 34.3 6.146 1.95 0.93
25. Cu64Zr36 1.513 0.352 34.0 5.791 2.00 0.98
26. Zr55Al19Co19Cu7 1.900 0.352 37.6 6.438 2.20 0.90
27. Cu50Hf43Al7 1.667 0.358 42.0 5.341 2.20 1.03
28. Ni45Ti20Zr25Al10 1.596 0.359 40.2 6.952 2.37 1.03
29. Ni40Ti17Zr28Al10Cu5 1.615 0.349 47.3 7.453 2.59 1.09
30. Ni60Nb27.2Ta6.8 Sn6 1.436 0.357 59.4 7.283 3.50 1.30
31. Ni60Nb35Sn5 1.416 0.385 66.3 8.024 3.85 1.41
32. Fe53Cr15Mo14Er1C15B6 1.292 0.320 75.0 9.742 4.20 1.47
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Figure 2. The evolution of x in the Zr55Ti5Cu20Ni10Al10 under three
different applied stresses of 1.6 GPa (�ry), 1.2 GPa (�0.8ry), and
1.0 GPa (�0.6ry) at room temperature.
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state, and Eq. (1) is no longer valid because it fails to
take into account the thermal production of the free vol-
ume or flow defect [10,19].

In the supercooled liquid state at elevated tempera-
tures, the rate equation governing flow defect
cf ¼ expð� 1

xÞ was given by [19].

_cf ¼ �krcf ðcf � cf ;eqÞ þ ax _ecf ln2cf ð3Þ
where kr is a temperature-dependent rate constant, cf ;eq

is the equilibrium concentration of defects at a given
temperature, ax is the creation factor giving the propor-
Please cite this article in press as: J.G. Wang et al., Scripta Mater. (2009)
tion between plastic strain and flow defect concentra-
tion, and

_e ¼ 2cf f sin h
sV
2kT
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is the strain rate during homogeneous deformation with
V the activation volume [10,19].

There are only limited high-temperature data, here we
take kr = 2.3 � 1010 s�1, ax ¼ 0:02, _e0 ¼ 2:8� 108 s–1,
and V = 160 Å3 of the Zr52.5Al10Cu27Ti2.5Ni8
(Tg � 663 K) at 683 K from Ref. [20] to solve Eq. (3)
numerically and the results are plotted in Figure 3. The
initial value of RFV is set as 2.4%, i.e., xC, corresponding
to the elevated temperature region around glass transition
temperature. At low stresses, x grows steadily at the
beginning then, after a period of time, reaches a saturation
value and keeps unchanged with time. The saturation va-
lue depends on the applied stress r. A higher stress pro-
duces a larger saturation value. For the stress of
0.55 GPa, the saturation value is 4.3% and larger than
that produced by the stress 0.40 GPa (3.7%). However,
at a higher stress, 0.70 GPa, x grows sharply to an unrea-
sonably large value (in excess of xm). In this case, the MG
would undergo fracture instead of homogeneous flow.
, doi:10.1016/j.scriptamat.2009.12.015
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Figure 3. The evolution of RFV of Zr52.5Al10Cu27Ti2.5Ni8 under three
different stresses of 0.40, 0.55, and 0.70 GPa at 683 K.

4 J. G. Wang et al. / Scripta Materialia xxx (2009) xxx–xxx

ARTICLE IN PRESS
When a MG sample is uniaxially compressed or
stretched at room temperature and if the applied stress
exceeds rc, x will increase to xC at some local sites in
the sample because of the statistical distribution of free
volume [10]. Then, the shear flow starts at these local
sites (i.e., formation of STZ), and result in the initiation
and subsequent development of shear bands. The evolu-
tion of x is determined by Eq. (3) due to the temperature
rise in the shear band [20,21]. A large x (thereby a large
cf) can produce a very large strain rate _e in shear band
according to Eq. (4). As a result, the upper part of the
sample will slide over the lower part along the shear
plane. As long as there is no runaway during the sliding
process, the stress would drop because the strain rate is
limited by the relatively slow crosshead speed of the test
machine. If the applied stress decreases below a certain
value (<0.70 GPa for Zr52.5Al10Cu27Ti2.5Ni8, for exam-
ple) before x increases to xm, the shear band can steadily
propagate. Otherwise, the rapid increase and the ensuing
concentration of free volumes will lead to the formation
of nanovoids and the subsequent coalescence of these
voids forms a crack [22,23]. On the other hand, if the
x value of the shear front annihilates below xC, the shear
band would be arrested. Thus, if xm of a MG is very
close to xC, the MG would exhibit a brittle fracture once
it yields. As an evidence, liquid-like droplets and vein
pattern often appear on the fracture surface of tough
MG (e.g., Zr-MG), but they are hardly found on that
of brittle MG (e.g., Mg-MG) [3]. This suggests that
the Zr-MG has a smaller viscosity g in shear band than
that of the Mg-MG, consistent with the fact that Zr-MG
has a larger xm as compared to that of Mg-MG accord-
ing to g / expð1=xÞ [10].

In summary, a critical RFV value of xC � 2.4% for
the onset of yielding is universally obtained in both brit-
tle and plastic MGs, and the corresponding stress rc to
produce such a free volume concentration is found to be
less than the experimentally measured macroscopic yield
stress ry. The deforming behavior of MGs is determined
Please cite this article in press as: J.G. Wang et al., Scripta Mater. (2009)
by the evolution of RFV, and specifically the relation-
ship between the material-independent value xC and
the material-dependent value xm at melting.
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